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Abstract 
Caccetta, L. and W.F. Smyth, Graphs of maximum diameter, Discrete Mathematics 102 (1992) 
121-141. 
A simple undirected connected graph with minimum degree K is said to be K-restrained. Thus 
the class of K-restrained graphs includes all K-connected and K-edge-connected graphs, as well 
as all connected K-regular graphs. An upper bound on the diameter of three of these four 
classes of graphs is known: for K-restrained (hence for connected K-regular) and for 
K-connected. We complete the picture by determining an upper bound on the diameter of a 
K-edge-connected graph of order n; and show that, with the exception of certain connected 
K-regular graphs, the upper bound is attained by some graph in every class. For K-restrained 
graphs of order n known to contain a vertex of eccentricity d, a maximum edge-count 
l (n, d, K) is specified and shown to be a monotone decreasing function of d; this result is then 
used to determine the maximum diameter of a K-restrained graph of order n and size m. 
1. Introduction 
In this paper we confine ourselves entirely to graphs which are simple and 
undirected [2]. Then, for given finite integers K 2 2 and IZ 3 K + 1, let G = GnFK 
denote a connected graph of order it in which every vertex has degree at least K. 
Let D <n denote the diameter of G. We say that G is K-restrained, and we 
observe that the class of K-restrained graphs includes all K-connected, K-edge- 
connected, and connected K-regular graphs. The main objective of this paper is 
to determine upper bounds on the diameters of K-restrained graphs, first without 
regard to the number m of edges, then on the assumption that m is known, as in 
practice it usually is. Along the way we also specify upper bounds on the 
diameters of K-edge-connected graphs, as well as upper bounds on the size 
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(number of edges) of K-restrained graphs Gn,K in which two vertices distance d 
apart are known to exist. 
Standard terminology is generally as given in [2]; otherwise, we make use of 
terminology developed in [3-71. Suppose G has vertex set V and edge set E, 
where it = IV1 and m = IEl z= Kn/2. For any vertex u E V, denote by &(v), 
i=o, 1,. . . , the set of vertices distance i from u, and let ni = ILi(u)l. Then a 
vertex sequence corresponding to v is given by 
S, = &f(v) = (no, n1, . . f , %I, (1.1) 
where d < D is the largest integer such that nd > 0. The vertex v is then said to 
have eccentricity d, and if d = D, v is said to be peripheral. The L,(a) are referred 
to as levels, and subsequences of S, of length k 3 1 are referred to as k-tuples; in 
particular, for k = 1, 2, and 3, as terms, doubles, and triples, respectively. A 
k-tuple (n,, Q+~, . . . , r~;+~_~) is internal if 1 < i < d - k and terminal if i = 0 or 
d - k + 1. The index of a k-tuple starting at n; is just the sum of its terms, and the 
size of a k-tuple is the number of edges in the subgraph induced by the levels 
Lij . . . j Li+k_-l. Making use of these definitions, we can state formally a simple, 
yet fundamental, result which associates with K-restrained graphs certain 
properties of their vertex sequences. 
Lemma 1. Suppose a graph G is connected. Then G is K-restrained if and only if 
for every vertex sequence of G, the index of each terminal double is at least K + 1. 
Proof. Observe that each of the conditions stated in the lemma is true if and only 
if every vertex has degree at least K. 0 
Lemma 1 expresses a doubles condition for vertex sequences of K-restrained 
graphs. This doubles condition in fact implies a weak triples condition: that for 
every vertex sequence of G, the index of each triple is at least K + 1. We shall 
find it convenient for K-restrained graphs to distinguish between triples whose 
index is exactly K + 1 and those of larger index. Accordingly, a triple of a 
K-restrained graph will be said to be lean if its index is exactly K + 1; otherwise, 
fat. We remark further that sub-classes of K-restrained graphs can also be 
characterized in terms of their vertex sequences; we state this elementary result 
formally as follows: 
Lemma 2. Zf a graph G is, respectively, 
(a) K-connected; 
(b) K-edge-connected; 
(c) K-regular; 
then every vertex sequence S, of G satisfies: 
(a) n,>K, lcisd-1; 
(b) nini+r SK, Ocisd-1; 
(c) nl = K; 
respectively. 
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Proof. An immediate consequence of the definitions. 0 
In Sections 2-4 of this paper we shall primarily be interested in determining 
upper bounds on either the diameter D or the edge count m of graphs with 
specified properties. For these activities the following definition (see also [3] and 
[ll]) is useful: a graph of diameter D is said to be D-critical if the addition of any 
edge reduces the diameter. We have then two important observations. 
Lemma 3 There exists a K-restrained graph of order n and diameter D Z= 2 if and 
only if there exists a D-critical K-restrained graph of order n. 
Proof. Sufficiency is obvious. Necessity follows from the fact that the addition of 
an edge to a K-restrained graph yields a K-restrained graph: edges can be added 
between and within levels of a vertex sequence S, without reducing the diameter 
until the graph becomes D-critical. 0 
Lemma 4 A graph G is D-critical, D Z= 2, if and only if every peripheral vertex 
gives rise to a vertex sequence such that 
(a) nO=nD=l; 
(b) every vertex in L,, i = 0, . . . , D - 1 is adjacent to every other vertex in Li 
and L,+*. 
Proof. See Theorem 2.1 of [ll]. 0 
In order to speak with precision about graphs of maximum edge count, 
consider, for given positive integers, n, K and d, the class %= %n,d,K of 
K-restrained graphs of order n giving rise to a vertex sequence of length d. A 
graph G E % will be said to be edge-maximal over % if no graph of % has more 
edges than G; similarly, its vertex sequence S of length d will also be described as 
edge-maximal. This definition gives rise to another fundamental result. 
Lemma 5. Every edge-maximal graph G E %,,d,K has diameter d and furthermore 
is d-critical. 
Proof. By definition there exists a vertex v of G which gives rise to a vertex 
sequence 
&(v) = (1, nl, . . . , nd. 
Suppose that G is edge-maximal. It follows then that for i = 0, 1, . . . , d - 1, 
every vertex in level Li(V) is adjacent to every vertex in levels Li(v) and Li+I(v). 
But then the distance between any two vertices x E Li(V) and y E Lj(V), i #j, is at 
most Ii - jl. Hence v must be a peripheral vertex of G, from which it follows that 
G has diameter d. Further, since G is edge-maximal, we see that nd = 1, hence by 
Lemma 4 that G is d-critical. 0 
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K-restrained graphs are not new. A K-restrained graph is a special case of a 
classification of graphs due to Klee and Quaife [9], which may be called 
(n, D, c, K)-graphs: c-connected K-restrained graphs of diameter D and order n. 
Then (n, D, 1, K)-graphs are exactly the K-restrained graphs considered here, 
and every (n, D, c, K)-graph is necessarily also a (n, D, c - 1, K)-graph, c > 2. 
Klee and Quaife derive expressions for the minimum possible order n* = 
n*(D, c, K) of any (n, D, c, K)-graph: these expressions then permit the deter- 
mination of the maximum possible diameter D* = D*(n, c, K), a result of 
considerable theoretical interest. However, if one tries to use this result to assist 
in estimating the diameter of a K-restrained graph, one finds that the parameter c 
is not computationally useful, since the determination of c > 1 is at least as hard a 
problem as the determination of D. For this reason, we focus here on the 
parameters of K-restrained graphs which are easily available in a computer as a 
byproduct of the process of inputing and storing the graph: the order n, the 
minimum degree K, and the size m. 
In Section 2 we calculate upper bounds on the diameter of K-edge-connected 
and K-restrained (hence connected K-regular) graphs: a mixture of known and 
new results presented from a unified point of view. In Section 3 we determine the 
edge-count E = E(n, d, K) of edge-maximal graphs G* E ‘%n,d,K and show that E is 
a monotone decreasing function of d. This result is then used in Section 4 to 
determine the maximum diameter of a K-restrained graph of order a and size m. 
2. Maximum diameter of K-restrained graphs of order n 
In Section 1 it was observed that the class of K-restrained graphs includes as 
sub-classes all K-connected, K-edge-connected, and connected K-regular graphs. 
In this section we derive formulae for an upper bound D* on the diameter of 
each of these four classes of graphs, and show that, except for one special case of 
K-regular graphs, the bound can always be attained. 
Suppose first that G is K-connected, and consider the vertex sequence 
corresponding to a peripheral vertex of G. By Lemma 2(a), n 2 (D - l)K + 2, 
from which it follows that 
D =s (n - 2)/K + 1. 
We have then an easy and well-known result (see [lo, p. 1581) which we state 
here for completeness as a theorem. 
Theorem 1. The maximum diameter D* of a K-connected graph of order n is 
D* = [(n - 1)/K]. 
The maximum diameter is attained, for example, by any D-critical K- 
connected graph on (D - l)K + i vertices, 2 <i s K + 1 (see [S, 111). A typical 
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vertex sequence for such a graph is 
(1, K, . . . , K, K + i - 2, K, 1). 
Now suppose that G is K-edge-connected. It is convenient, following [3], to 
define the quantity (Y = [2fi], which by Lemma 2(b) is the least index of an 
internal double compatible with K-edge-connectivity. We deal first with the 
special cases which arise when n is small. 
Theorem 2. For n < A = 2(K + 1) + a, the maximum diameter D* of a K-edge- 
connected graph of order n is 
Proof. Consider the values II = K + 1, 2(K + l), 2(K + 1) + (Y. It is evident that 
the corresponding values of D* are 1, 3, and 5, respectively; and further, that in 
the two ranges between these values, D* = 2 and 4, respectively. These values of 
D* agree with the formula given in the statement of the theorem. 0 
The results of Theorem 2 are illustrated in Table 1 (see also Table 1 of [3]), 
which includes examples of vertex sequences corresponding to K-edge-connected 
graphs which achieve diameter D*. 
For larger values of 12, it becomes necessary to distinguish between values of K. 
As discussed in [3], the treatment of K-edge-connected graphs depends on 
whether KC 7 (condition (b) of Lemma 2 governs) or not (the triples condition 
implied by Lemma l(b) governs): this is because, for K ~7, the condition of 
Lemma 2(b) cannot be satisfied without at the same time necessarily satisfying the 
triples condition (see Table 2 of [3]); while for K 3 8, the condition of Lemma 
2(b) can always be satisfied by an appropriately chosen sequence of lean triples. 
Suppose first that K ~7, and let (Y~ be the least integer such that a,cu,> K, 
where a2 = CY - aI. Then a, and a2 are just the least and greatest possible values, 
respectively, of the terms of a minimum double, as shown in Table 2. 
Since for K c 7 the triples condition can be ignored, it is clear that, as II 
increases incrementally from ii (as defined in Theorem 2), D* will simply increase 
Table 1 
D* for K-edge-connected graphs, n <ii 
n D* Sample vertex sequence 
K+l 1 (1, K) 
K+2snc2K+l 2 (1, K, n - (K + 1)) 
2(K + 1) 3 (1, K, K, 1) 
2K+3snc2K+a+l 4 (1, K, n - 2(K + l), K, 1) 
2(K + 1) + (Y 5 (1, K, [a/21, [m/21, K, 1) 
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Table 2 
Values of (Y, crz, (Y (K c 7) 
1 1 1 2 
2 1 2 3 
3 1 3 4 
4 2 2 4 
5 2 3 5 
6 2 3 5 
7 2 4 6 
by 1 corresponding to alternate steps of (Y~ and a2 in n. Thus, for example, for 
2(K + 1) + Ly s 12 C 2(K + 1) + CY + (q - l), 
D * remains at 5, while for 
2(K + 1) + (Y + (Y* Cns2(K+1)+2a-l, 
D* = 6, increasing to 7 for 2(K + 1) + ~LX c n 6 2(K + 1) + ICY + ((t’, - 1). We 
formalize the results of this discussion in a theorem; note that for K < 7 and given 
n there necessarily exists a graph of diameter D*. 
Theorem 3. For K =S 7 and n 2 ii, the maximum diameter D* of a K-edge- 
connected graph of order n is 
D*= 2[(n-A)/a] +5, O<(n-fi)modmua,-1; 
1 2[(n-ii)/cu] +6, cu,<(n-ri)rnodaca-1. 
(The notation x mod y is used for integers x 3 0, y > 0. to mean the remainder 
when x is divided by y: x -y Lx/y] .) 
Suppose now that K s 8. To establish results in 
least value of n compatible with given K and D. 
Theorem 4. For K 3 8 and n Eli, the maximum 
connected graph of order n is 
this case, we determine the 
diameter D * of a K-edge- 
-3, Ocnmod(K+1)<2; 
-2, 3<nmod(K+l)scu-1; 
-1, cucnmod(K+l)cK. 
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Proof. Consider a graph G of diameter D which contains a peripheral vertex ZJ 
giving rise to a vertex sequence S = S,(v). We give a detailed proof for the case 
D mod 3 = 0; the proof for the other cases is similar. 
Observe first that if D mod 3 = 0 and D 2 5, then the number of internal terms 
in S is a multiple of 3. From Lemma 2(b) it follows then that the least number 
nmin of vertices in G is given by 
It,in = (K + l)(D/3 + 1); 
that is, the maximum diameter D* of a graph G on n = nmin vertices is given by 
It follows from Lemma 6 of [3] that the vertex sequence of such a graph G of 
diameter D* must be of the form 
(1, K, B’, K, 11, 
where r = (D*/3) - 1, j3 denotes a lean triple (x, y, z) whose terms taken in pairs 
satisfy Lemma 2(b), and /3’ denotes r repetitions of /3. We now demonstate that 
n S nmin + 2. Suppose first that n = nmin + 1. If as a result D* is increased, the 
resulting vertex sequence would necessarily take the form 
(1, K, . . . , Y, 1, K I), 
where y denotes a fat triple with index at least K + a, a contradiction. Hence D* 
is unchanged. Suppose next that n = nmin + 2. If as a result D * increases by 1, the 
resulting vertex sequence would at best take the form 
(1, K, . . . , Y’, 2, K, 11, 
where y’ is a fat triple with index at least K + 2, again a contradiction. For 
n 2 n,in + 3 the diameter can be increased. We see then that for 0 s n mod (K + 
1) c 2, the first expression for D* given in the statement of the theorem is 
correct. 0 
We conclude the discussion of K-edge-connected graphs with the observation 
that graphs with the properties specified in Theorem 4 can all be constructed. For 
details of the construction of D*-critical K-edge-connected graphs, see [3,5]. 
We turn now to a consideration of K-restrained and connected K-regular 
graphs. For these graphs there is no doubles condition to satisfy, so that it 
becomes much easier to determine the maximum diameter. Observe that the 
maximum diameter for K-restrained graphs is necessarily also an upper bound for 
the connected K-regular sub-class; whether the bound can actually be attained, is, 
as we shall see, another matter. 
128 L. Caccetta, W. F. Smyth 
Theorem 5. The maximum diameter D* of a K-restrained graph of order n is 
(n c 2K + 1) 
-3, nmod(K+l)=O; 
(n 2 2K + 2) -2, nmod(K+l)=l; 
- 1, otherwise. 
Proof. From Lemma 1 it is clear that for n = K + 1, n E [K + 2, 2K + 11, and 
n = 2(K + l), the corresponding vertex sequences of length D* are 
(1, K), (1, K, n - (K + 1)) (1, K, K, l), 
respectively. This establishes the result for n < 2(K + 1). 
Suppose now that for some integer a 2 2, n = a(K + l), giving rise to maximum 
diameter D *. From the triples condition implied by Lemma 1, we see that 
corresponding to n = a(K + 1) + K, the maximum diameter is D* + 2, while for 
n = (a + l)(K + l), the maximum diameter is D* + 3. Since for 
n=a(K+l)+l, a(K+1)+2, 
the maximum diameters are D* + 1 and D* + 2, respectively, the result 
foIlows. 0 
This result was apparently originally proved by Moon [9]; it is a special case 
(l-connected) of the theorem proved in [8] and then later in [l]. In order to 
discuss graphs which actually attain the maximum diameter D*, we introduce a 
lemma (first proved in [4j for K-edge-connected graphs). 
Lemma 6. Suppose that /3 = (x, y, z) is a lean internal triple contained in the 
vertex of a K-restrained graph. Zf 6 is embedded in a 5-tuple (u, /3, v), then 
(a) 2422; 
(b) V2.X. 
Proof. If u <z, then the triple (u, X, y) has index less than K + 1, contrary to 
Lemma 1. Similarly if v < X. 0 
Now suppose that, for some integer r 3 1, 
S’ =(x1, Yl, 21, . . . , xr, yr, 2,) 
is a 3r-tuple of a vertex sequence of a K-restrained graph such that every triple 
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(xi, yi, zi), 1s i C r, is lean. We call S’ an r-lean sequence. Since r-lean sequences 
will be important for the characterization of certain K-restrained and K-regular 
graphs of diameter D*, we take note in the next lemma of their fundmanetal 
properties. 
Lemma 7. Zf S’ = (xl, y,, zl, . . . , x,, y,, z,) is un r-lean sequence, I 2 2, then for 
every lsi<r-1, 
(a) xi+i 2 i; 
(b) zi+i =Z zi; 
(c) the triples (y;, zi, Xi+l) and (z~, Xi+13 Y,+~) have index at feast K + 1. 
Proof. An immediate consequence of Lemma 6. El 
It is now possible to characterize D*-critical K-restrained graphs for certain 
values of n. 
Theorem 6. Suppose that a K-restrained graph G on n vertices, n > 3(K + l), 
n mod (K + 1) ~2, is D*-critical. Let r = [D*/3] - 1, let (1.1) denote a vertex 
sequence S of G corresponding to a peripheral vertex u, and let S’ = 
(nz, . . . , n3r+l ) be a subsequence of S. Then S’ is r-lean and 
(a) for n mod (K + 1) = 1, S = (1, K, S’, 1, K, l), where n3i_-2 = 1 for every 
lCi6r; 
(b) for n mod (K + 1) = 2, S = (1, K, S’, 1, 1, K, l), where n3i_-2 = n3i_-1 = 1 for 
every. lsisr. 
Proof. Suppose first that for n mod (K + 1) = 0, a K-restrained graph G of order 
n achieves maximum diameter D*. Then it is clear from Lemma 1 and Theorem 5 
that the internal triples of a vertex sequence corresponding to a peripheral vertex 
of G must constitute an r-lean sequence; if in addition G is D*-critical, it follows 
from Lemmas 1 and 4 that the vertex sequence can only take the form 
(1, K, S’, K, 1). The result for n mod (K + 1) = 1 and 2 follows from imposing the 
condition that D* increases by 1 and 2, respectively. 0 
Suppose now that for n mod (K + 1) = 2, a D*-critical K-restrained graph G* 
has been arranged into levels corresponding to a peripheral vertex u, in 
accordance with Theorem 5. Observe that for n mod (K + 1) >2, D*-critical 
K-restrained graphs may be constructed simply by adding n mod (K + 1) - 2 
vertices in any arbitrary way to the internal levels of G* and then ensuring that 
the added vertices are made adjacent to every vertex within the same and 
neighbouring levels. Observe also that for n mod (K + 1) = 0, there may exist 
graphs of maximum diameter which are [K/31 -connected. 
To deal with connected K-regular graphs of maximum diameter, we need 
another lemma. 
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Lemma 8. Let S = (1, K, S’, u, K + 1 - v) be a vertex sequence of a K-regular 
graph G, where 
S’ = (XI, Yl, 21, . . . > -&, Y,, -%), 
is an r-lean sequence. Then: 
(a) x;z; is even, 1 s i s r; 
(b) -~;+r(~;+i - 1) sX;+lZ;+l -X;Z; s Z;(Z; - l), 1 s i C r - 1. 
Proof. For any decomposition of a K-regular graph into levels, let ejk, O=zj < 
k sj + 1 c D, denote the number of edges with one vertex in L, and the other in 
Lk. Then for 1 ~j < D - 1 it must be true that 
ei_l,j + 2e, + ej,j+i = njK. (2.1) 
In particular, for j = 1, n, = K, and e,, = K; while for j = 2, since (xi, y,, zJ is 
lean, it follows that e23 = x1 y,. Then 
K + 2eII + e12 = K2, 
e12 + 2e22 +x1 y1 = xIK. 
Solving these two equations yields 
xi(K -yi) = K(K - 1) + 2(ez2 - e,,), 
and since xI(K -y,) =x,(x, - 1) +xIzI, we conclude that xlzl must be even. 
Noting that by Lemma 6, X, G v < K, we can use a similar argument to establish 
that x,z, is even. Thus (a) holds for r = 1. Suppose then that r > 1 and consider 
two adjacent triples 
xi* Yi, zis Xi+ls Yi+l, zi+l. 
Observing that e3; 3;+ L = YiZi, n3i+l =ziy e3;+23;+3 =xi+~Y~+l, and n3;+2 =x;+i, we 
may rewrite (2.1) for j = 3i + 1 and 3i + 2: 
YiZi + 2eji+* 3i+l + e3i+l 3;+2 = KZi, (2.2) 
e3i+13i+2 + 2e3;+23;+2 +x;+IY~+I = Kx;+~. (2.3) 
Solving these equations yields 
xi+1zi+1- Xizi = 2(e3;+23i+2 - e3;+] 3i+J + zi(zi - 1) 
- &+I(&+1 - 119 
from which it follows that xiz; - x. r+l ;+i must be even. But since this difference is z- 
even for 1 c i s r - 1, and since, as we have already seen, x,z, is even, (a) then 
follows. 
To prove (b), observe first that (2.2) and (2.3) may be rewritten as follows: 
e3i+13i+2=xiZ +Zi(Zi- 1)-2e3i+~31+1j (2.4) 
e3i+13i+2=Xi+lZi+l +xi+l(xi+l - l) -2e31+23i+2- (2.5) 
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0ce3i+13i+l ~ Zi(Zj - 1)/2, (2.6) 
it follows from (2.4) that 
(2.7) 
while, since 
0 s e3i+23i+2 sxi+l(xi+* - 1)12, 
(2.5) implies that 
e3i+i3i+2axi+lYi+l. 
Then, using (2.7) together with (2.5) and (2.8), we conclude that 
XiZi s e3i+l3i+2 sxi+l(xi+l - l) +xi+lzi+l, 
which yields 
(2.8) 
(2.9) 
xi+lzi+l - XiZi 5 -Xi+l(Xi+l - 1). 
Similarly, (2.9) together with (2.4) and (2.6) gives 
xi+lzi+l - XiZi ~ Zi(Zi - l), 
which, together with (2.10), establishes (b). Cl 
(2.10) 
Having established the properties of r-lean sequences for K-regular graphs, we 
now prove the following. 
Theorem 7. Suppose that a connected K-regular graph G on n vertices, where 
n 2 3(K + 1) and n mod (K + 1) s 2, achieves the maximum diameter D*. Let r, 
S, and S’ be defined as in Theorem 6. Then S must take one of the following 
f orms : 
nmod(K+l)=O: (1, K,S’,v,K+l-v), wheren,,_,<v<K, n3r=1+v< 
K, and the conditions of Lemma 8 are satisfied; 
nmod(K+l)=l: (l,K,S’,l,v,K+l-v), where n3r-1=zv<K, and 
(n3i_2, n3i_l, n3i) = (1, y, z), y and z both even, for every 1s i < r; 
n mod (K + 1) = 2: (1, K, S’, 1, 1, K - 1, 2), where K is odd, and n3i_2 = 
n3i_l = 1, for every 1s i < r. 
Proof. As in Theorem 6 we conclude that the internal triples must be of the form 
S’ for a K-connected graph of order n which achieves D*. By Lemma 2, n2 = K, 
and we see moreover that no_, + nn = K + 1. The odd/even conditions follow 
from Lemma 8, and the lower bounds on v follow from Lemma 6. Observe that 
for n mod (K + 1) = 1, the fact that Xi = 1, 1 =Z i 6 r, implies by Lemma 8(b) that 
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zi+i 3 zi, so that yj and zi must both be fixed. Observe also that for n mod (K + 
1) = 2, S’ necessarily satisfies Lemma 8(b). The condition ‘u < K follows from the 
K-regularity of G and the fact that (nD_4, nD-3, 1) is necessarily lean in all 
cases. 0 
Theorem 7 shows that no K-regular graph of diameter D* exists when K is odd 
and n mod (K + 1) = 1, or when K is even and n mod (K + 1) = 2. Note that the 
former of these conditions is just a special case of the familiar condition that nK 
must be even for a K-regular graph. We then have the following. 
Theorem 8. For II ’ = n mod (K + 1) 2 3, K-regular graphs of order n and 
maximum diameter D* exist if and only if n’K is even. 
Proof. We have already observed that the condition is necessary. Suppose then 
that n’K is even, and consider S = (1, K, (2, 1, K - 2)‘+l, n’), where r = 
LO*/31 - 1. Ob serve that S is the correct length specified by Theorem 5. 
Moreover, since n2 = 2, and xi+i = xi, z~+~ = Zip for 1 s i c r, it follows that 
Lemma 8 is satisfied, and we see that we need only check that the edges involving 
levels Lb*_, and L b* can be chosen in such a way that the graph is K-regular. 
Making use of the symbolism of Lemma 8, observe that e,._, o._-2 = K - 2, 
hence that the total degree to be absorbed by Lb-_, is (K - l)(K - 2), an even 
quantity; furthermore, the degree to be absorbed by L,. is n’K also even Using 
an argument similar to that of Lemma 8, we conclude that S is a vertex sequence 
of a K-regular graph, completing the proof. 0 
3. Maximum edge count of K-restrained graphs of order n 
Let E = E(n, d, K) denote the number of edges in an edge-maximal graph 
G* E %n,d,fi Then if G* has diameter D, it follows from Lemma 4 that d = D, 
and further that G* is D-critical. In order to determine E, therefore, it suffices to 
consider D-critical graphs G E %n,d,K Accordingly we write E = E(n, D, K), and 
we consider only vertex sequences S = S,(v) corresponding to peripheral vertices 
v of G. We begin by stating as lemmas two fundamental properties of D-critical 
graphs. 
Lemma 9. Let /3 = (x, . . . , z) denote either a double or a tripLe of index o of a 
vertex sequence S, corresponding to a D-critical graph. Then the number of edges 
in the subgraph formed on the vertices of f3 is 
(a) (g), when t9 is double; 
(b) (z) - xz, when /3 is a triple. 
Proof. This follows from Lemma 4(b). Cl 
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Lemma 10. Suppose there exist vertex sequences corresponding to D-critical 
graphs which contain the 4tuples 
PI = (ni--11 ni, ni+i, ni+2), 82 = h-b ni - 1, ni+l + 1, ni+2). 
Then the size of PI exceeds the size of p2 by nit2 - ni_l. 
Proof. This follows from Lemma 4(b). 0 
Our first use of these lemmas is to determine by inspection the edge-maximal 
graphs of diameter D -- < 5, as shown in Table 3. We state this result as a theorem, 
and devote the remainder of this section to dealing with edge-maximal graphs of 
diameter D 5 6. 
Theorem 9. The edge-maximal graphs of diameter D d 5 are characterized by the 
vertex sequences of Table 3. For fixed n and K, l (n, D, K) is monotone decreasing 
in D. 
For D 2 6, we require two important concepts, originally introduced for 
K-edge-connected graphs [3,4]. A k-tuple (n;, . . . , ni+k-l) of a vertex sequence 
is said to be recurring if for i ~j s i + k - 4, nj+3 = nj, and the triple (ni, ni+l, 
ni+*) is lean. A vertex v of a K-restrained graph G is said to be removable if 
G - {v} is also K-restrained. We then have two important lemmas. 
Lemma 11. There exists an edge-maximal vertex sequence, in which any sub- 
sequence consisting of adjacent lean triples is recurring. 
Proof. Consider a subsequence (u, x, y, z, x‘, z’, v), where (x, y, z) and 
(x’, y’, z’) are lean triples. Recall that by Lemma 6, 
uaz>z’, v 2x’ ax. 
Table 3 
Edge-maximal graphs of diameter D s 5 
n 0 2 
n 
0 2 
-1 
3 (1, Jz - (x + 2), x, I), 
KCxCn-(K+2) 
4 (1, K, n - 2(K + l), K, l), 
nz2K+3 
-K(K-2) 
5 (1, K, n - 2(K + 1) -x, K, l), n(n-2K-5) 
lcxsn-(2K+3) 2 
+ (K + l)(K + 3) 
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It is then easy to verify directly, using Lemma 9, that the edge count associated 
with both 
(u, (x, Y, zj2, ~1 and (u, b’, Y’, z’)*, v) 
is at least that of the original subsequence. See also Lemma 6 of [3]. •I 
Lemma 12. Suppose that, corresponding to a peripheral vertex u, a K-restrained 
graph G gives rise to an edge-maximal vertex sequence So(u). If x E Li(u) and 
y E L,(u) are removable vertices of G, then Ii - jl< 1. 
Proof. See Lemma 4 of [4]. Cl 
.Tr 
we continue now with a series of iemmas which aiiow us to specify, for given 
n, D, and K, an edge-maximal vertex sequence. First, however, another 
definition: a lean triple (n,, n,+l, ni+2) is said to be isolated if (n,,,, ni_2, ni+3) is 
fat and there exists a lean triple (ni, nj+i, nj+z), j > i + 1. 
Lemma 13. There exists an edge-maximal vertex sequence in which no lean triple 
is isolated. 
Proof. Suppose that for some 2 G i s j - 4 s D - 8 there exists an edge-maximal 
sequence S containing two lean triples (n,, ni+,, ni+*) and (ni, n,+l, njjc2). 
Consider the vertex sequence 
S’ = (. . , ni-l, (4, %+I, 4+2)2, ni+3, . . . , nj-1, nj+3, . . .), 
where the unspecified terms before ni-1, between ni+3 and nj-1, and after nj+, are 
identical with those in S. Observe that the indices of S and S’ are equal and 
further, by Lemma 6, that ni_l snj+*, nj+3 >ni. Hence S’ also represents a 
K-restrained graph of order n; however, using Lemma 9 we see that its edge 
count exceeds that of S by 
(nj-* - tZj+,)(nj+, - nj) 2 0. 
We have shown that the edge-count is at least as great as the maximum if disjoint 
lean triples are made adjacent. 0 
Lemma 14. In an edge-maximal vertex sequence S,, D 3 6, at most one of the 
triples (n,, n3, n,), (n,_,, nD-3, nD-2) is fat. 
Proof. For D = 6 the result is trivially true. For D > 6 observe that if both of the 
specified triples are fat and min{n,, nD_2} > 1, then n2 and nb_2 must both 
contain a removable vertex, in contradiction to Lemma 12. We suppose 
therefore, with no loss of generality, that n2 = 1 and that (It*, n3, n4) is fat. 
Observe that, since n 5 3 1, we may by Lemma 10 choose n3 = 1, yielding 
(n2, n3, n4) = (1, 1, K - 1 + a) 
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for some integer a 3 1. Then L4 contains a removable vertex, and it follows from 
Lemma 12 that no level other than L, can possibly contain another removable 
vertex. Thus for D > 7 it cannot be true that (noP4, nD_3, nD__*) is fat and 
nD__* > 1. For D = 7 observe that by Lemma 10 the substitution 
(1, 1, K - 1, n5 + a) +(l, 1, K - 1 + a, n5) 
increases the edge-count, so that in fact the triple (n2, n3, n4) cannot be fat. 
The only case left to consider is where D 2 8, rrD_2 = 1, and 
(nD_-4, nD_3, r~~_~) is fat. Using the argument of the previous paragraph, we 
conclude that 
(nD-4, G-~, nD-d = (K - 1+ b, 1, 1) 
for some b 3 1, hence that LD_, contains a removable vertex. This is possible 
only if D = 8 or 9. 
For D = 8 the vertex sequence must take the form 
(1, K, 1, 1, K - 1 + a, 1, 1, K, l), a G= 1. 
But this sequence is not edge-maximal, since the sequence 
(1, K, 1, 1, 1, K - 1, 1, u + 1, K, 1) 
gives rise to more edges. Similarly, for D = 9, the sequence 
(1, K, 1, 1, K - 1 +a, K - 1+ b, 1, 1, K, 1) 
gives rise to fewer edges than 
(1, K, 1, 1, K - 1, K - 1+ a + b, 1, 1, K, 1). 
Then for D = 8, 9 the triple (n2, n3, n4) cannot be fat. Since all other cases have 
been excluded, the result is proved. El 
Lemma 15. There exists an edge-maximal vertex sequence S,, D 2 7, and un 
integer k 2 3 such that: 
(a) the k-tuple (n2, . . . , nk+l) is recurring; 
(b) every triple in the (D -k + 1)-tupfe (nk, . . . , nD) Is fur. 
Proof. By Lemma 14 we may suppose that (nz, n3, n4) is lean. By Lemmas 11 
and 13 we may further suppose the existence of a recurring j-tuple 
(n,, . . . , nj+,), ia3, such that for j’ >j + 1 there exists no lean triple 
(nj*, njf+l, nj,+*). 7% en it suffices to consider the triples q = (nil nj+l, nj+J and 
7;+, = (nj+,, nj+z, nj+d 
If ?; and q+l are both fat, the proof is complete and k = j. If I; is lean and q.+, 
is fat, the result is true for k = j + 1. If ?; and Tj+, are both lean, the result is true 
for k = j + 2. Finally, if 7; is fat and q+, is lean, observe that for j > 3, 
q-2 = (nj_2, nj-1, nj) and q+i are adjacent but not recurring, contrary to Lemma 
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11; on the other hand, for j = 3, observe that 
n5+n6=n2+n3, 123 ’ n6, 4 > n2; 
and it is then not difficult to see, using Lemma 9, that the edge-count is increased 
by the substitution 
ngtn3, n5 tnz. 
Hence this last case cannot arise in an edge-maximal vertex sequence. 0 
Lemma 16. There exists an edge-maximal vertex sequence in which no term other 
than no_2 gives rise to a removable vertex. 
Proof. Observe first that for D = 6 we may by virtue of Lemma 12 suppose that 
at most L3 and L4 contain removable vertices. 
For D 2 7, Lemma 15 implies that there exists k 2 3 such that every 
2;: = (ni, ni+l, ni+2), j * k, 
is fat, and every ?;, j < k, is lean. If k = D - 3, there is no removable vertex and 
the theorem is true. Suppose then that k < D - 3. It follows that at least one of 
the following statements is true: 
(a) L+2 contains a removable vertex; 
(b) nk+2 = 1. 
Statement (b) iS false because nk+2 > nk-_l. Then statement (a) is true. Since no 
lean triple can give rise to a removable vertex, it follows moreover that the 
lemma is true for k + 2 > D - 2. Hence suppose that k s D - 5. 
Recall from Lemma 14 that for the fat triple To.+ = (no_-4, no_-3, no_z) two 
possibilities arise: 
(a) n,_, > 1. 
This is the case which arises also when D = 6. Here Lo-, contains a removable 
vertex, so that by Lemma 12, k = D - 4 or D - 5. In the former case the proof is 
complete; the latter case is impossible, since removable vertices can be 
transferred from LD--5 to LD_-4 until TD--3 is a lean triple; this transfer must 
increase the edge-count. 
(b) nD-2 = 1. 
In this case, as in the proof of Lemma 14, Lemma 10 allows us to suppose that 
To+ = (K - 1 + a, 1, l), a 2 1, so that LD--4 contains a removable vertex. Then 
by Lemma 12, k = D - 6 or D - 7, both of which are impossible by virtue of 
transformations similar to those used in Lemma 14. 0 
The preceding lemmas tell us that in order to compute l (n, D, K), D 2 6, it 
suffices to consider vertex sequences of D-critical K-restrained graphs in which 
the k-tuple (n2, . . . , nD_3) is recurring. This is essentially the same result found 
in [4,6] to hold for K-edge-connected graphs, and hence gives rise to the same 
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expressions (eqs (2.4) and (2.5) of [5]): 
~(n, D, K) = (r + 3)( “2’ ‘) + (;*) +f*(x, Y, 2; a), (3.1) 
where now r = LD/3] - 2, 0 S n* = n - (r + 3)(K + l), (x, y, z) is the recurring 
triple, a is the number of removable vertices in ntD_2, and f*(x, y, z; a) is a 
function determined by choosing X, y, and z (hence a) so as to maximize 
f(x, y, 2; a) = 
i 
K(x+z+a)+a(y+z)-xz, Dmod3=0; 
K(2.X + a) + uz, Dmod3=1; (3.2) 
w+y +a), Dmod3=2. 
For K-edge-connected graphs, it is quite difficult [5] to determine f*, but for 
K-restrained graphs the problem is more easily solved. We deal with the three 
cases separately. 
Case 1: Dmod3=0. 
In this case IZ* = a 2 0. Setting y = K + 1 -x - z in (3.2) and doing a little 
manipulation, we find that 
f=(2K+l)n*+(K-n*)+(k-x)z. (3.3) 
Suppose now that x takes the value required in order to maximize (3.3). We see 
then that z must be as large as possible; that is, z = K -x. But this means that 
y = 1 and that 
f* = (2K + l)n* + (K - n*)x + (K -x)~, 
where x is chosen so as to yield the maximum. 
To determine x, suppose first that n* 2 K; then f is maximized by the choice 
x = 1. On the other hand, for it * < K, f is maximized if 
x2-(K+n*)x 
is maximized for values of x in the range [l, K - 11; since this function is 
nonpositive in the entire range [0, K + n *], we see that once again f is maximized 
by choosing x = 1. Hence, after some algebra, we find 
f*=2Kn*+(K2-K+l). (3.4) 
Cuse2: Dmod3=1. 
In this case it * =x + a 2 1, and from (3.2) we may write 
f=Kn*+Kx+(n*-X)Z. (3.5) 
As in the previous case, we imagine that z has already been chosen so as to 
maximize (3.5) and so conclude that x = K - z and y = 1. Hence, substituting in 
(3.5), we find 
f*=2Kn*+(x2-n*x)=2Kn* - ax, 
138 L. Caccetta, W.F. Smyth 
where a and x are to be chosen so as to minimize ax. This will always be achieved 
by the choice x = 1, whence 
f* = (2K - 1>n* + 1. (3.6) 
Case 3: D mod 3 = 2. 
In this case n * = x + y + a 3 2, and we have immediately from (3.2) that 
f* = Kn*. (3.7) 
We collect these results as 
Theorem 10. The maximum number e(n, D, K) of edges in a K-restrained graph 
of order n and diameter D 2 6 is given by (3.1) together with (3.4), (3.6), and 
(3.7). Vertex sequences which achieve the maximum are 
Dmod3=0 (n* 3 0): (1, K, (1, 1, K - l)‘, 1, 1, K - 1 + n*, K, 1); 
Dmod3=1 (n* 2 1): (1, K, (1, 1, K - l)rC1, n*, K, 1); 
Dmod3=2(n*~2):(1,K,(x,y,z)‘~‘,x,n*-x,K,1),forx+y+z=K+1, 
x+ySn*. 
We conclude this section by establishing the monotonicity of e(n, D, K). 
Theorem 11. l (n, D, K) is monotone decreasing in D. 
Proof. Theorem 9 has already established monotonicity for D s 5. For D b 6 
observe first that r = d - 2 for any three consecutive values D = 3d, 3d + 1, 
3d +2; then, since the expressions (3.4), (3.6), and (3.7) are monotone 
decreasing, we conclude using (3.1) that e(n, D, K) is monotone decreasing for 
fixed r. For r increased by one, we compute 
+ 
n*-(K+l) 
2 
)+2K(n*-(K+1))+(K2-K+l)], 
for r 2 -1, n 2 (r + 4)(K + l), n* = n - (r + 3)(K + l), and it is an exercise in 
algebra to show that 
622K-l>O, 
which establishes monotonicity for D 3 6. To establish that c(n, 6, K) < 
l (n, 5, K), observe from Table 3 that for r = -1, S, is identical with the vertex 
sequence given for D mod 3 = 2 in Theorem 10; thus the inequality 6 > 0 holds 
also for this case. 0 
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4. Maximum diameter of K-restrained graphs of order n and size 111 
Suppose that a K-restrained graph G = (V, E) is given, where IV1 = n and 
]E] = m. In this section we show how to use the results of Section 3 to determine 
an upper bound D* on the diameter of G. 
Observe first from Table 3 that for m 2 (“2 ‘), 1 c D* c 3, and we can 
immedately determine D* by comparing m with (y) - 1. For m < (” ; I), we shall 
by the monotonicity of l (n, D, K) have D* > 3, and we may use Table 3 and the 
monotonicity property again to determine whether D* = 4 or 5. For D* 2 6, it 
becomes convenient to consider the new function 
F(v, r, K) = (2/R2)[e(n, D, K) - m], (4.1) 
where K=K+l and v=nlZ?a3. If we set F=r+3= [D/3] +123, and do 
some manipulation, (4.1) yields a polynomial quadratic in ?: 
F(v, r, K) = r[f - (2v - l)] + (2/R2)[ (I) - m +f*], (4.2) 
where f* is chosen according to the following rule: 
{ 
O:f* = 2Kn* + (K2 - K + 1); 
Dmod3= l:f*=(2K_l)n*+l; 
2:f* = Kn*; 
(4.3) 
and as before n* = n - FK. Setting m = p/2 for some Z? c p < vJ? - 2, we may 
also write 
g(v, ~1, K) = (2/K2)[ (I) -m] = (vlR)(vZ? - p - 1). (4.4) 
Then, substituting (4.3) and (4.4) in (4.2), we find that 
F(v, r, K) = f2 - (2Y + Cl - l)F + (V/zz)(V/K - p - 1) + c2, 
where c1 and c2 are specified in Table 4. 
Consider now the equation 
F(V, r, K)=P--y+c=o. 
(4.5) 
(4.6) 
This is a quadratic equation in r whose graph is convex downwards. It is easy to 
see from (4.5) and Table 4 that for every value of D mod 3, 6 > 0 and c > 0, and 
Table 4 
Parameters of F(v, r, K) 
Dmod3 c, c2 
0 4KJW c,v -I- 6/k2 - 6/k + 2 
1 2(2K - 1)/E c,v -I- 2/E2 
2 2K/K ClV 
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not difficult to verify that b2 - 4c > 0. Hence (4.6) gives rise to two real positive 
roots r, and r,, r, < r,. We may then interpret 
rLF = ]rr] - 1 (4.7) 
as the maximum value of r + 2 for the given graph G, subject to the constraint 
that D mod 3 = i, 0 c i 6 2. Setting 
D; = 3r; + i, (4.8) 
we have the following algorithm to determine an upper bound D* on the 
diameter of a given K-restrained graph G of order n and size m. 
Function D*(n, m, K): 
(1) If m 2 n(n - 2K - 5)/2 + (K + l)(K + 3), then 
(1.1) compute D* from Table 3; 
(1.2) exit. 
(2) Compute D* := D*(n, K) using Theorem 5; 
compute E := E(~z, D*, K) using Theorem 10; 
if m s E, then exit. 
(3) Compute D* := D,*(n, m, K), o* := Df(n, m, K) using (4.8); 
if D* > D*, then exit. 
(4) Compute D* = := Dz(n, m, K) using (4.8); 
if D* <o*, then D* := D*. 
(5) Exit. 
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